Abstract. This paper is devoted to the study of resonant waveguide grating filters. It is shown that doubly periodic structures permit one to increase the angular tolerance of the filters without modifying the frequency linewidth. A theoretical study of such structures is presented and their response to an incident Gaussian beam is analysed. It is also shown that doubly periodic structures can be used to reduce absorption losses.
Introduction
Guided-mode resonant filters (GMRF) have been shown to be a very interesting alternative to classical multilayer coatings or to fibre Bragg grating filters for dense wavelength demultiplexing (DWDM) applications. The coupling and decoupling, via the grating, of the incident wave into a guided mode yields a reflectance peak whose centre frequency and frequency linewidth depend on the grating parameters. Many papers have been published on the study of this resonance phenomenon [1] [2] [3] [4] . The design of inverse (notch) filters with 100% maximum reflectance represents the principal application of GMRF. Various structures have been studied in order to obtain symmetric line shape filters and low sidebands around the resonance wavelength λ [5, 6] . Much numerical work has been done in order to predict the behaviour of resonant grating filters. Some approximate models have been proposed [7] [8] [9] . The response of these structures has also been studied experimentally in the optical region and in the microwave domain [10] [11] [12] . However, for practical applications in the field of telecommunications (narrowband filters with bandpass λ less than 1 nm), the angular tolerance θ of such structures is not compatible with the use of standard collimated beams. The divergence of the incident beam broadens the reflectance peak, leading to a reduction of its amplitude. Recently, it has been shown that adding a second periodic structure in the waveguide grating improves the angular tolerance [13] .
This paper is devoted to the study of GMRF. In section 2
we present a theoretical model that permits one to determine the bandpass and the angular tolerance of GMRF as a function of the grating parameters. Section 3 is devoted to the numerical study of the response of such structures to a limited incident beam. It is shown that, in addition to their increased angular tolerance, doubly periodic waveguide gratings permit one to reduce the influence of absorption in optical materials. A preliminary characterization of a waveguide grating made by direct electron-beam writing and reactive-ion etching will also be presented.
Theory
In this section, we propose a simple analytical model that gives a physical insight into the different parameters acting on the resonant behaviour of the waveguide grating. More precisely, we are interested in the modification of the dispersion relation of the guided mode in the presence of a small periodic perturbation placed on the top of a planar dielectric waveguide (see figure 1(a) ). For simplicity, we consider only the TE case and we assume that the waveguide is monomode and lossless (all the dielectric constants are real). The frequency of the monochromatic wave is ω and the exp(−iωt) dependence of the field will be omitted hereafter.
The y-component of the electric field E of the guided mode is the solution of the homogeneous equation (in the sense of distributions) that satisfies the outgoing wave boundary condition at infinity. The dielectric constant ε(x, z) of the structure can be viewed as the sum of a reference permittivity and a periodic perturbation with period ,
Note that the reference permittivity is equal to the average permittivity ε in the [0, h] region. This choice will appear pertinent in the forthcoming calculations. With these notations, one can rewrite the equation satisfied by the electric field as,
Prior to considering the dispersion relation of the guided modes for the periodic problem, we first study the unperturbed waveguide depicted in figure 1(b) . In this case, the non-null solution of equation (2), with U(x, z) = 0, is sought under the form,
If the waveguide is monomode, one finds a unique relation between the wavevector and the frequency, namely k = k
, which is plotted by the bold line in figure 2(a) (note the presence of a cutoff frequency, ω c ) [14] . The dispersion curve is always situated outside the cone defined by the light line, k = max(
, thus the guided mode cannot be excited by any incident light in this configuration. Now, if periodicity is introduced, the mode is modified into the Floquet (or pseudo-periodic) form,
where K are the reciprocal vectors belonging to the reciprocal space , K = 2π n/ , n ∈ Z. The dispersion curve thus evolves into branches of a Brillouin diagram, as shown in figure 2(a) (regular lines), that represent the solutions
for all reciprocal vectors K. In this case, some curves lie inside the light cone and the guided mode can be excited by a properly chosen incident plane wave whose xcomponent of the wavevector satisfies figure 1 (a). We now study the modifications of the dispersion relations induced by the presence of a small grating placed on top of the slab by means of a perturbative approach.
To obtain the dispersion relations, we seek a non-null solution of equation (2) under the Floquet form given by equation (3) . We first transform the differential equation (2) into an integral equation through the introduction of the Green function of the reference system which is the solution of
that satisfies outgoing wave boundary conditions. One obtains,
(5) The integration domain in equation (5) 
To proceed further, it is convenient to introduce the Fourier representation of G ref , where we have pointed out explicitly the frequency dependence of the Green function, and that of U ,
The detailed expression of g is given in the appendix. Note that the poles of g(ω, κ) permit us to retrieve the dispersion relation of the unperturbed waveguide. In the vicinity of a pole, g can be cast in the form [15] ,
where s and t are smooth functions.
Injecting (7), (8), (3) in equation (6) leads to the infinite coupled linear system,
where e(q) stands for e(q, 0) as defined in equation (3). The zeros of the determinant of this linear system give the dispersion relation linking k and ω. When h is small enough, one can find an analytic expression for the dispersion relation by following the perturbative method presented in [16] for electrons in a weak periodic potential. We first focus on the modification of the dispersion relation when the resonant frequency is not degenerate. We take (k, ω) in a region so that there is a unique K 1 for which
Note that if k is chosen lying inside the light cone, it can be viewed as the projection along x of the wavevector of an incident field, k = √ ε 1 ω c sin θ . In this case, the linear system (10) reduces to,
In obtaining equation (11), we have used the fact that u(0) = 0 due to the choice of reference system and we have shown that e(k+K ) = O[he(k+K 1 )] when K = K 1 . Equation (11) permits us to retrieve the modification induced by the grating on the resonant frequency (or resonant wavevector) by using the pole formulation given in equation (9) for g(ω, k + K 1 ).
One obtains the perturbed 'k-dispersion relation',
and a similar equation for ω ('ω-dispersion relation').
The perturbation induced by the grating is thus of order two in h. Note that this result is specific to our particular reference system that contains a homogenized layer on top of the slab. Had the system of reference been solely the slab, we would have added a perturbation proportional to hu(ω, 0). We now address the complex nature of the perturbation on the resonant wavevector. The real part of the perturbation yields a displacement of the resonance whereas the imaginary part implies that the guided mode has become leaky. The Green function g(ω, Q) is always
, see the appendix. In contrast, if Q lies inside the light cone, g(ω, Q) presents an imaginary part. Hence, the imaginary part of the wavevector comes solely from the contribution of the reciprocal wavevectors
. In a first approximation, the leakage of the mode stems solely from the coupling of the guided into the propagative diffracted orders. The mechanism of the resonant waveguide bears two concomitant steps, the incident wavevector k inc is coupled into a guided mode, via k inc + K 1 and coupled out into diffracted orders via k inc + K 1 − P 0 . The imaginary part of the leaky mode wavevector is important in the design of resonant waveguide grating filters for it is directly linked to the width of the resonance of the reflected power versus the frequency [17] . In general, these structures are designed to diffract only one order at the resonant frequency. Hence, the only reciprocal vector that couples in and couples out the guided mode to photons is K 1 . The width of the resonance is then proportional to h 2 |u(K 1 )| 2 . We now turn to the degenerate case. (k, ω) are chosen in a region close to the intersection points of the Brillouin diagram. We suppose that there exist two reciprocal vectors K 1 and K 2 for which |k
In our system, this condition is equivalent to taking k close to a Bragg plane, k = (2n+1)π/ . Physically, it means that the incident plane wave can be coupled, via the grating, to two guided modes propagating in opposite directions (this is the case when the resonant waveguide filter is used under normal incidence). In these specific domains, the difference between the perturbed and unperturbed dispersion relation cannot be neglected. In particular, a frequency gap (or stop band region), caused by the coupling between the two excited guided modes, appears [18] . The linear system (10) reduces to,
In writing equation (13) we have used the fact that e(k + P )
. To obtain the frequency gap, we use the frequency pole formulation of the Green function equation (9) . The perturbed 'ω-dispersion relation' becomes,
with
The perturbation on the frequency is of order h and it is real since t (ω, Q) is real for all Q lying outside the light cone. The forbidden gap is all the more important when the coupling between the two guided modes, u(
plays the role of a coupling thread between two oscillating pendula in a mechanical analogy). From equation (14) it can be shown that when k approaches the Bragg plane, the derivative dω/dk tends towards zero. The bigger the gap the bigger the region over which the resonant frequency varies slowly as a function of k. Since k can be interpreted as the x-component of the incident wavevector, k = √ ε 1 ω c sin θ , this property is crucial for the angular tolerance of the system. The modification of the dispersion relation caused by the grating is represented in figure 2(b) . Injecting (14) in the pole formulation of the Green function in (13) permits us to point out the symmetry properties of the field at the upper or lower resonant frequencies. When the grating shape is symmetrical with respect to the Ozaxis, one finds that the mode corresponding to the lower frequency branch is also symmetrical whereas that of the upper branch is antisymmetrical. This property is important since, in most experimental configurations, the incident light is also symmetrical (normal illumination) with respect to Oz and thus cannot be coupled to an antisymmetrical mode, [18] . Finally, the expression of the imaginary part of the wavevector at these resonant frequencies, which is a good indicator of the frequency linewidth of the filter, can be obtained in a similar manner to that of the non-degenerate case. One has to replace in equation (11) 
to account for the excitations of both the forward and backward guided modes. Due to the symmetry properties of e(k + K 1 ) and e(k + K 2 ), the leakage will be quite different for the upper and lower resonant frequencies. In the case of a symmetrical grating, with k = 0,
, the leakage of the antisymmetrical mode (upper frequency) is almost null whereas the leakage of the symmetrical mode is twice that of the non-degenerate case, k = 0. This latter result explains why the filter linewidth increases as the incident angle is moved towards zero [19] .
To summarize the information provided by this model, we consider the simple and common case of a waveguide grating filter illuminated under normal incidence with frequency ω. The period has been chosen so that
(there is only one diffracted order). In this particular configuration, the frequency gap is proportional to h|u(2K 1 )| and the imaginary part of the resonant wavevector is proportional to h 2 |u(K 1 )| 2 . The frequency gap governs the region of stability of the frequency versus k and is thus responsible for the angular tolerance of the structure. The imaginary part of the wavevector governs the leakage of the mode and thus determines the resonance width of the reflectivity as a function of the frequency. Increasing the angular tolerance without changing the frequency linewidth is possible if one can modify u(2K 1 ) independently of u(K 1 ). This is not feasible with the classic structures presenting a single lamellar grating ruled on the slab. Moreover, in most configurations, the lamellar grating is taken with a filling factor of 0.5 which implies that u(2K 1 ) = 0, thus the angular tolerance is reduced to its minimum! A solution consists of introducing two gratings on slab. The first one, with period such that 2π/ = K 1 , acts as a classic waveguide coupler. Its height and filling factor are the parameters that have to be optimized in order to obtain the desired frequency linewidth. The second one has a period = /2. Its presence modifies the Fourier coefficients of the whole periodical system (which is of period ) solely for the even reciprocal vectors, 2nK 1 . Thus it has no influence on u(K 1 ) but it may increase drastically the value of u(2K 1 ). Its height and filling factor are then designed to ameliorate the angular tolerance of the resonance. An example of such a doubly periodic waveguide grating is presented in figure 3 . Note that the structure is not symmetrical so that both resonant modes can be excited under normal illumination. Such systems have already been investigated in other domains. A thorough theoretical study of multiply periodic structures, applied to waveguide design, has been conducted in [20] , with special attention to the non-commensurate case. Experimental realization of doubly periodic structures (DPS) have also been presented in [21] to study the dispersion relation of surface plasmons.
Numerical results
To illustrate the advantages of such structures we have compared the angular tolerance of DPSs with that of single resonant gratings (SRG). The parameters of the gratings have been chosen so that the frequency linewidth at half maximum is equal to 0.1 nm for all, as seen in figure 4(a) . The corresponding angular responses are drawn in figure 4(b) . One can see that the angular tolerance of the DPSs is much better than that of the SRG. As expected, increasing the dielectric contrast of the lower grating in the DPSs (i.e. the coupling force between the guided modes) ameliorates the angular tolerance. In order to predict the response of DPSs in practical cases, we have considered an incident optical beam in which most of the energy is concentrated in a finite area in the cross section. Due to the sensitivity to the incidence angle of resonance phenomena, the effect of the divergence of the incident beam has to be investigated carefully [22] . In figure 5(a) we plot an intensity map of a Gaussian incident beam (waist w = 100 µm) in the plane z = 0. In figures 5(b)-(d) we plot the intensity map of the beam reflected by the already defined SRG and the two different DPSs at the resonance wavelength. One can see that the maximum of the reflected intensity, at x = 0, y = 0, for the SRG is only 5% of the incident intensity, figure 5(b) . When the angular tolerance of the structure is improved, the shape of the reflected beam tends to be similar to that of the incident one and the reflectance is increased. In figure 5(d) , which corresponds to the DPS with highest dielectric contrast, more than 90% of the incident energy is reflected. These results show clearly that the large angular tolerance obtained with the DPSs permits amelioration of the efficiency of the filters, making these structures compatible with the use of standard collimated beams.
A lot of work has been done in order to reduce the amount of absorbed light in optical filters for laser damage applications. For narrowband filters made with classical multilayer stacks, absorption can be very important. In general, the narrower the spectral response, the higher the number of layers. The field enhancement in such structures, based on Fabry-Perot stacks, leads to an increase in absorption reducing the amplitude of the reflectance (or transmittance) peak. DPS offers specific advantages for this kind of application. Figure 6 shows the comparison between the field mappings of a SRG and of a DPS at the resonance wavelength. For the DPS, the degenerate guided mode evolves into two modes, one symmetrical (λ = λ+) and one antisymmetrical (λ = λ−) (see section 2). It is possible to choose the λ = λ− resonance where the maxima of the electric field are located in the low refractive index material with low absorption (eventually air). As expected (see figure 7) , the influence of absorption on the amplitude of the reflectance peaks depends strongly on the excited mode. In the example shown in figure 7 , the low refractive index material is air (absorption free) and a small absorption is added to the high refractive index. We see that the maximum of the antisymmetrical resonance peak decreases less than that of the symmetrical one (81% versus 70% for two resonances with the same frequency linewidth).
Conclusion
Our theoretical approach as well as our numerical results have shown that doubly periodic structures permit us to increase the angular tolerance without acting on the spectral response. This property leads to narrowband filters which are compatible with the use of standard collimated beams. Interesting properties for reducing sensitivity to absorption can be obtained by choosing the configuration so that the maxima of the electric field are located in the regions with small absorption coefficients. First experimental results for single resonant gratings have demonstrated that electronbeam lithography and reactive-ion etching is a valuable process to manufacture resonant grating filters. This technique appears quite convenient for realizing doubly periodic structures since the size of each motif can be modified individually without greater cost. Hence, one could realize doubly periodic gratings by periodically ruling two grooves with different width. Figure 8 shows an example of a feasible DPS. Work in this field is in progress. 
Appendix. Green function of the reference system
In this appendix, we present the calculation of the Green function of the reference system defined in figure 1 and r(κ) is the reflection factor of the two-layer system with incident wavevector κ, that can be calculated easily with (2 × 2) matrices. In the specific case where the incident wave is evanescent in the extreme media (air and substrate), κ > max( √ ε 1 , √ ε s )ω/c (so that Re(γ 1 ) = Re(γ s ) = 0), it can be shown that r(κ) is real. It ensues that g(κ, z, z ) is real when κ lies outside the light cone.
